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Abstract – The uniform statistical model of fatigue strength 

is provided in the article. This model combines parameters of 

the probability distribution functions (PDF) of fatigue 

endurance limit and fatigue life time, S-N curve and uses only 

four parameters. The offered model describes the area of 

multi-cycle fatigue, characteristic of a local zone of dependent 

accumulation of fatigue damage (the high level of 

survivability). For this local zone, the two-parametric double-

exponential probability distribution function with logarithmic 

fatigue life time (DEDF) is fair. By estimating fatigue strength 

parameters based on the results of tests, more than 

600 specimens are given in the paper. 

Keywords – Fatigue endurance limit, fatigue life time, 

fatigue strength parameters, probability distribution 
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I. INTRODUCTION 

It is known that characteristics of fatigue strength consist 

of statistical descriptions of the fatigue endurance limits, 

fatigue life time and the S-N curve [1]. In the accepted 

practice, parameters of all three fatigue characteristics are 

determined by results of separate experiment test plans, 

independent of each other. Thus, the estimation of 

parameters of probability distribution functions of fatigue 

strength characteristics is carried out by the principle of the 

best interpolation of the data obtained in tests with the 

following subsequent extrapolation of results to the area of 

operational loading. However, such extrapolation is carried 

out ignoring the change in physical processes of 

accumulation of fatigue damage when the level loading of 

the object changes. Change of the mechanism of 

accumulation of fatigue leads to change of a type of PDF. 

However, it is impossible to check a kind of PDF for 

working conditions because of high cost and duration of 

such tests. 

At best, the number of determined parameters is usually 

not less than six. Reduction in the number of determined 

parameters sharply reduces the number of demanded tests 

or increases the accuracy of parameter estimation for the 

same quantity of the tested objects [2]. 

In engineering practice related to the estimation of safe 

life time (the technical system resource) it is interesting to 

define areas of small values of distribution functions of 

cumulative probabilities (the “left tail”) [3]. In studies [4] - 

[6] it is shown that for the description of fatigue durability 

in operating conditions the greatest preference is given to a 

two-parametrical double-exponential probability 

distribution function with logarithmic fatigue life time. In 

the mathematical theory of reliability, this probability 

distribution function is known as the distribution of 

“maxima” [7]. The results of fatigue tests of specimens and 

objects of the high survivability show that the distribution 

function of “maxima” satisfactory describes also fatigue 

durability at a high level of loading.  

As a result, the first premise of the statistical model is the 

mode of fatigue durability distribution function that has the 

following expression:  
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where N – number of load cycles, α – location parameter 

of the distribution function,  – scale parameter of the 

distribution function. 

Numerous studies show that S-N curves of fatigue have 

points of breaks of S-N curves, multimodality of the 

distribution density, non-monotonic change in some 

parameters (dispersion of fatigue durability, functions of 

intensity, etc.) [8] - [10]. 

It is possible to explain such effects by a change in the 

mechanism of fatigue damage accumulation due to a 

change in the loading level of the object. The observed 

brake of S-N curve is often followed by a change in the 

tilting angle of S-N curve. For practical convenience, it is 

best to describe S-N fatigue curve as a piecewise and linear 

approach [6], where the inclination of S-N fatigue curve (or 

exponent m defined by an angle of linear piece) will depend 

on the level of loading of an object.  

The second premise of the statistical model is the mode 

of S-N curve that has the following expression:  

   
              (2) 

or 

                      (3) 

where mi – the tilting angle of S-N curve sectional-linear 

part numbered i, i – the loading level (stress, force, load 

etc.), Ni – durability (number or loading cycles, life time, 

endurance etc).  

The third premise of the given statistical model is the 

following range of its definition: 

- more than one million of loading cycles, 

- exponent m of S-N curve is more than six. 
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II. THE UNIFORM STATISTICAL MODEL OF THE FATIGUE 

STRENGTH 

The present section will show how fatigue durability 

distribution function is linked with the limit of endurance 

probability distribution function, S-N fatigue curve and 

“cut-off” sensibility cycle limit. If the probability 

distribution function of fatigue durability is known, for 

some assumptions of a kind of S–N fatigue curve it is 

possible to receive an expression for PDF of a limit of 

endurance [1], [11]. Let us assume that in case of low load 

levels the PDF of fatigue durability belongs to the same 

PDF family, exactly to double-exponential PDF with 

logarithmic life time (1), where lgN = τ. Let us also assume 

that PDF location a(σ) and scale b(σ) parameters are 

changed versus load level σ only.  

 ( | )     
(
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Let us introduce: 

  ( | )  
    ( )
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    (5) 

Function (4) will have properties of PDF if the following 

conditions are satisfied: 

if  σ → 0 φ(τ, σ) → - ∞  or  ( | )    

if  σ → ∞ φ(τ, σ) → + ∞  or  ( | )      

It is easy to see that proportionality of (5) to logarithm σ 

meets this condition. Let us designate s = lg σ and φ(τ│σ) 

=s.  

It is known that in the domain of the model (the third 

premise) if the load is increased, the variance and the 

coefficient of variation decrease [12] - [15]. 

For PDF (4) the coefficient of variance v(τ,σ) is as 

follows: 
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where: 
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  ( )  – variance of life time τ under load σ; 

b(σ) – scale parameter of PDF (4); 

 { }   ( )   ( )                – mathematical 

expectation of life time τ;  

 ( ) – position parameter; 

Euler’s const – -0.5772…. 

Then it is possible to assume: 
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Let us denote:  

           (9) 

  [              ]     (10) 

  { }=       (11) 

The equation of S-N fatigue curve is obtained for average 

values of durability by substituting the expression of 

mathematical expectation in (6) and taking into account (8): 

 (      ) 
      (12) 

Fatigue S-N curve is received for quantile with the level 

of probability p by substituting (7) and (8) in (4) and twice 

taking the logarithm: 

 (     ) 
   [  ( )   ]   (13) 

where –f(p)=ln(-ln(p) and p is quantile of the level of 

probability p. 

By denoting: 

  { }  
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we receive 

  ( | )     
(
     { }

 { }
)

   (16) 

As a result, the PDF endurance limit on the accepted base 

also has a two-parametrical double – exponential 

probability distribution function with logarithmic fatigue 

life time. 

To estimate the offered model parameters, it is necessary 

to address to the results of tests of more than 2000 of D16T 

alloy specimens [11].  

III. EXPERIMENTAL DATA 

Table I presents the experimental values of PDF 

parameters of fatigue life time. 

 TABLE I 

THE RESULTS OF FATIGUE TESTS OF SPECIMENS 

Stress 

load у, 
kg/mm2 

s=lg у Mean life 

time 

ф = lgN 

Std. 

Dev. 

of ф 

Coeff. 

variance 

v(у) (6) 

Scale  

Param. 

b(у) 
(7) 

a(у)/b(у) 

 (8) 

20 1.301 5.65 0.222 0.0393 0.1731 32.058 

18 1.255 6,18 0.290 0.0483 0.2261 25.977 

16.5 1.217 6,23 0.321 0.0515 0.2503 24.327 

15 1.176 6,52 0.307 0.0471 0.2394 26.653 

14 1.146 6,96 0.389 0.0559 0.3033 22.366 

13 1.114 7,33 0.419 0.0572 0.3267 21.845 
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The primary experimental data of the specimen fatigue 

tests allow determining all parameters of the offered 

statistical model. Therefore, it is necessary to estimate the 

following model parameters: 

m, C determined by (7), and γ, θ determined by (8). 

These four parameters contain all information about the 

fatigue strength: fatigue endurance limits, fatigue life time 

and S-N curve. Diagrammatically the S-N fatigue curve 

looks like a straight line in a graph with double 

logarithmical coordinates s=lgσ versus τ=lgN. 

Fig. 1. S-N fatigue curve in a diagram with double logarithmical 

coordinates “load (stress) – life time (cycles)”. 

According to (7), the greater the load is, the smaller the 

parameter b(s) is. 

Figure 2 demonstrates a decrease in the scale parameter 

due to an increase in the stress level. Also, good straight 

line alignment is observed. 

Fig. 2. A decrease in the value of scale parameter b(s) due to an increase in 

stress (lgs = lglgσ). 

As shown in (6), the coefficient of variance has to 

decrease if the load increases, or the ratio of a(s)/b(s) in (8) 

has also to increase. Indeed, as shown in Fig. 3 this 

dependence is near to linear.  

Fig. 3. An increase in the value of ratio of a(s)/ b(s) due to an increase in 
stress lgm σ. 

Parameters C and m of (7) are determined by 

experimental data (see Table I and Fig. 2). Thus, by taking 

the logarithm of the left and right side of (7) and applying a 

least square method, we receive: 

lg b(s) = –0.313207 – 3.6936lg∙s   (17) 

or 

m = 3.6936, lgC = – 0.313207, C = 0.4862  (18) 

The same should be applied to (8): 

a(s)/b(s) = 10.43 + 7.55847∙s
m    

(19) 

or 

γ∙= 7.55847, θ = 10.43     (20) 

The adjustment of the received estimates of parameters 

with experimental data is shown in Fig. 2 and Fig. 3. 

If we substitute the tested estimates of parameters in (9) 

and (10), we find: 

τ0 = 7.55847∙0.4862 = 3.675   (21) 

Р = (10.43+0.57742)∙0.4862 = 5.352  (22) 

and also receive expression of S-N fatigue curve for 

average values of durability: 

(τav – τ0)s
m
 = Р     (23) 

 S-N fatigue curve is received for quantile of the level of 

probability p by inserting (7) and (8) to (4) and twice taking 

the logarithm of both sides: 

(     ) 
   [  ( )   ]   (24) 

where –f(p) = ln(-ln(p) and p is fixed quantile of PDF. 

Side by side we calculate (14) and (15): 

 { }  
            

    
 

     

    
    (25) 

 { }  
      

    
     (26) 

τ0 = 3.675     (27) 

and when inserting it in (16) the PDF of endurance level 

is deduced: 

 ( | )     

(
    ( ) 

     
    

      
    

)

,   (28) 

where τ is the accepted base of test. 

 Note that the offered statistical model includes the 

“cycles cut-off” effect or the cycle sensitivity level for 

small values of probabilities as τ0 value (27). Thus, the 

“cycles cut-off” number is equal to N0 = 4731 load cycles. 

y = -0.1111x + 1.9179 
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The parameters of A{τ} and B{τ} for different test cycle 

bases are shown in Table II. 

If we take both sides of (23), we get a new 

transformation of S-N fatigue curve (Fig. 4) as double 

logarithmic coordinates and with account of “cut-off” load 

cycles. It seems to be the better fitting prediction linear data 

with experimental data, compared to Fig. 1. 

 
Fig. 4. The S-N fatigue curve for double logarithmic coordinates. 

Now we consider the mode of endurance limit PDF for 

different test cycle bases. 

TABLE II 

THE PARAMETER OF PDF OF ENDURANCE LIMITS  

The PDF of endurance limits for test cycle bases is 

shown in Fig. 5 (test base – 1 ml cycles), Fig. 6 (test base – 

10 ml cycles) and in Fig. 7 (test base – 100 ml cycles). 

 

Fig. 5. The PDF of endurance limit for test base of 1ml cycles. 

 

Fig. 6. The PDF of endurance limit for test base of 10 ml cycles. 

 

 

 

 

 

 

 

 
Fig. 7. The PDF of endurance limit for test base of 100 ml cycles. 

The analysis of the provided figures demonstrates that in 

the offered model the PDF of endurance limits presents 

satisfactory fitting to the experimental data when test cycle 

bases increase. The best data fitting is observed in the area 

of small probabilities, i.e., in the field of adoption of the 

engineering decision on durability of the studied object.  

Thus, it is shown, that for a complete statistical 

description of characteristics of the fatigue strength (such as 

fatigue endurance limits, safe life durability, S-N fatigue 

curve, “cut-off” of cycles sensitivity) only four 

interconnected parameters are required, namely: C – the 

parameter that determines a decrease in the variance 

(dispersion) of durability till failure, m – the parameter of 

the inclination for logarithmic S-N fatigue curve, γ and θ – 

parameters of the coefficient that determines a decrease in 

variation if the load is increased. 

IV. CONCLUSIONS 

The results of fatigue tests have proven that the offered 

model minimizes costs of the estimation of fatigue strength 

parameters. It allows estimating all main PDF parameters of 

fatigue strength characteristics based on a small number of 

the tested samples. It is especially important for research on 

the durability of large full-size technical design, tests of 

which are labour-consuming and expensive. It is necessary 

to emphasize that the range of definition of the obtained 

functions lies in the area of great values of safe life 

durability, high survivability of object of tests or low levels 

of loading. It is characteristic of operating conditions. The 

Test Base  А(ф) В(ф) 

N ф = logN 

5∙105 5.700 2.505 0.240 

1∙106 6.000 2.182 2.209 

5∙106 6.700 1.677 0.161 

1∙107 7. 000 1.525 0.146 

5∙107 7.700 1.260 1.121 

1∙108 8.000 1.173 0.112 

y = -0.2612x + 0.1938 
R² = 0.964 
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test reproduction of these conditions is difficult and often 

cannot be achieved experimentally. The offered [4] model 

based on phenomenological reasonable PDF of “maxima” – 

two-parametrical double-exponential probability 

distribution function with logarithmic fatigue life time is 

suitable for the description of composite material specimens 

in order to correctly extrapolate the results of experiment. 
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