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Abstract – The application of the level-crossing theory of 
multidimensional random processes to the evaluation of the 
vehicle operators’ performance allows not only evaluating the 
possible deviation from parameters, but also considering the 
dynamics of the parameter changes. The level-crossing intensity 
is acquired for normal distribution random process correlated by 
two dimensions, as well as for the multidimensional process when 
a maximum mutual correlation of parameters is considered. The 
criterion is defined that allows evaluating the possibility that 
none of the parameters will reach an unacceptable value.  
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I. INTRODUCTION 

There are many reasons that determine the necessity for the 
evaluation of vehicle operators’ (drivers, pilots etc.) 
performance – evaluation is used to estimate the initial 
practice progress during training, to issue respective licenses 
and certificates, and to assert qualification skills after a long 
hiatus etc. At present, the evaluation is subjective for the most 
part: by observing training or test run (drive, flight etc.) 
process and at best using objective control system data (if 
there is any).  

When evaluating vehicle operators’ performance, at least 
3 aspects of their performance should be considered [1]: 

1. manual regulation of uninterrupted movement 
parameters (steering, handling an airplane etc.); 

2. discrete activities employing vehicle systems (turning 
on, turning off) – appropriateness, sequence and 
timeliness of such activities; 

3. decision making about the change of trajectory or 
movement regime due to an actual situation (road 
signs, overtaking, interrupted taking off etc.). 

The methods of evaluation are usually based on different 
norms – number of mistakes made (arranging them in the 
sequence of risk level), or movement parameter deviation 
from required values. The norms are mainly based on expert 
evaluation without objective, science-based value rationale; 
therefore, it is not possible to call an evaluation based on 
norms unbiased even though it is made automatically using 
objective control system data.  

The most difficult one is the evaluation of the continuation 
of uninterrupted movement parameters, since we have to take 
into account not only momentary values of the parameters, but 

also the dynamics of their changes and the possibility that 
none of the parameters will reach an unacceptable catastrophic 
value. In fact, only when it is possible to estimate such 
probability or mathematically prove its direct correlation with 
the given criteria, only then we can claim that the evaluation is 
objective.  

It is suggested using the level-crossing theory of 
multidimensional random processes to evaluate the 
continuation of uninterrupted movement parameters. It allows 
directly calculating the safety of vehicle movement – 
possibility that during the movement none of the parameters 
will reach an unacceptable catastrophic value. 

II. LEVEL-CROSSING THEORY OF MULTIDIMENSIONAL 

RANDOM PROCESSES  

S. O. Rice was one of the first to develop the level-crossing 
theory of multidimensional random processes [2]. The 
systematic review and evolution of the theory and summary 
can be found in [3] - [8]. 

 The aim of the theory is to find statistic parameters of 
random process x(t) that are connected with the crossing of 
specific level c (see Fig. 1): the moment of first level-crossing 
(τ0), time of level-crossing (τ), local (H) and absolute (Hm) 
maximum, duration of location under level c - (Θ) etc.  

One of the most used parameters is level-crossing intensity 
λc(t) – an average number of level-crossings during the 
evaluated interval and its characteristics (distribution etc.). 

 
Fig. 1. Characteristic parameters of level-crossing of random processes. 

Crossing with positive process gradient dx(t)/dt>0 (see 
Fig. 2) over level c that is above the mathematical expectation 
of process µ(t) is called positive level-crossing. The negative 
level-crossing is defined in the analogous fashion.  
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Fig. 2. Diagram of the positive level-crossing of random processes. 

The number of level-crossings in time interval 0…T is defined 
by coherence: 
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where δ(…) – the delta function, but 1(…) – the Heaviside 
function. 

Indeed, on points tk (k = 1,2, …) an integral function is 
infinite (since δ(0) = ∞) and on each of these points the 
integral increases in leaps by 1 according to the Heaviside 
function. 

Mathematical expectation of the level-crossing number: 
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 where ))(),(( txtxf   - x(t) and function of its derivative 
inclusive distribution.  

Inserting (1) into (2) and applying the established coherence 
for the integration of some function multiplication with delta 
function (11), by integrating after x we obtain: 
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If the process is stationary in the narrow sense, normal in 
distribution and differentiable, then its distribution function is 
not conditioned by time, the process and its derivatives have 
no mutual correlation, and the mathematical expectation of 
derivative = 0: 
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where  – x(t) mathematical expectation, but  and  
are average square deviations of the process and its derivative, 
respectively. 

Inserting (4) into (3) and then integrating we obtain: 
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Level-crossing intensity or the average number of level-
crossings in the time interval is obtained, dividing (5) by T: 
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If c- > (2..3), then level-crossings are discrete, 
independent events and are governed by Poisson distribution. 
Probability that in interval 0…T there will be m level-
crossings is as follows [3, 9]:  
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Probability that in interval 0…T there will not be any level-
crossing is as follows: 

TceP   (8) 

By analogy the probability of the negative (downward 
moving) level-crossing can be calculated. However, these 
equations are not sufficient for the estimation of the 
level-crossing intensity of the vehicle movement parameters 
and movement safety. The vehicle movement is usually 
characterised not just by one, but several movement 
parameters that are regulated by the operator, and these 
parameters in many instances are not mutually independent 
but are more or less in correlation.  

Let us formulate the task for the calculation of the number 
of level-crossings of the multidimensional correlated random 
processes. 

III. ASSUMPTIONS – HYPOTHESES 

1. Performance of the operator in regulating uninterrupted 
parameters is governed by normal distribution of 
multidimensional random process. This hypothesis can 
be based on the central limit theorem [10, 11] of 
probability theory that basically states that if the process 
is influenced by a large number of variables (their sum) 
and none of them is dominant, then the process will be 
approximately normally distributed regardless of the 
actual distribution laws of its components. The 
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parameters of the vehicle movement, indeed, are 
influenced by a large number of variables: for example, 
atmospheric stimulation, conditions of the road, 
psychophysical state of an operator, flow of information 
and its processing etc. Although it is not possible to 
assure that in all instances the process is normally 
distributed, exactly this can be regarded as the most 
common occurrence and, thus, the first to be studied.  

2. Movement itinerary can be divided into stationary 
phases. Basically the trajectory of any vehicle consists of 
stationary phases during which the movement from point 
A to point B is carried out under invariable spectre of 
external stimulation and limits. There is no reason why 
the movement in these phases should not be considered 
stationary.  

3. During non-stationary stages a particular type of non-
stationarity can be identified that depends on the tasks to 
be accomplished during the phase. It is common for all 
trained operators. The transition processes from one 
phase to another, of course, are non-stationary. However, 
these phases in many instances can be regarded as 
stationary by centring them on one dominant non-
stationarity. For the most part, the proportion of non-
stationary stages during the interval is small in 
comparison with the stationary stages, but their 
significance is remarkable and the probability that during 
those particular stages a critical value of parameters will 
be exceeded is huge. Separate study is needed to identify 
which mathematical model and theory will be the most 
appropriate here.  

4. Performance of the operator in regulating uninterrupted 
parameters is a differentiable random process. The 
movement of the vehicle can be described by a 
corresponding number of differential equations. 
Therefore, the process is differentiable. The movements 
of the operator while operating the vehicle can also be 
regarded as a differentiable process.  

5. Performance of the operator in regulating uninterrupted 
parameters is an ergodic random process. If the values 
of the controllable parameters are defined and limits are 
symmetrical in relation to these parameters, then there is 
no reason to assume that the operator will deliberately try 
to disregard the necessary values and the process will not 
be ergodic. Mathematical expectation, for example, in 
each realization will be individual. The divergence from 
the recommended mathematical expectation can be 
related to the manner of driving (for example, inclination 
to exceed the allowed speed limit by a specific value, 
keeping closer to the roadside), yet it changes 
comparatively slowly, except perhaps initial training. 
These are a few arguments in favour of ergodic process 
hypothesis.  
 
 
 

IV. THE TASK OF ESTIMATING THE NUMBER OF LEVEL-
CROSSINGS OF THE MULTIDIMENSIONAL CORRELATED 

RANDOM PROCESS 

n-dimension random process vector [12, 13] X is given with 
stationary functions x1(t), x2(t),…, xn(t) that correspond to 
normal distribution with mathematical expectations µ1, 
µ2,…,µn and correlation matrix K=║kij║, where i=1,2,…,n; 
j=1,2,…,n; kij=σiσjrij; σi, σj – the average square deviation of 
processes xi(t) and xi(t), but rij – the mutual correlation 
coefficient of processes xi(t) and xi(t). 

n dimension limit area C is also defined and it is given to 
each dimension of process xi(t) with lower ciL and upper ciH 
levels, and the crossing of these levels will be considered 
level-crossing.  

Probability P should be calculated for an instance when 
during interval to…to+T process X will not cross limit area C. 

Likewise an one-dimensional process, level-crossing 
intensity  must be found – the number of level-crossings 
during the interval that in case of c- > (2..3)x usually 
corresponds to Poisson distribution.  

For the realization of the specific process, level-crossing 
number ν of vector X outside the area C can be calculated as 
the sum of these events: level-crossing for all processes xi(t) 
crossing its upper limit ciH with positive derivation of this 
function  plus the crossing of lower limit ciL with 
negative derivation  on condition that other functions n-1 
of the vector are at the same time located within area C. 
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Since the average number of level-crossings during the 
interval is a random number, the level-crossing intensity can 

be found as mathematical expectation T=1 of level-crossing 

number ν:  
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where )( )(),...,(),...,(),(),( 211 txtxtxtxtxf niin   is a 

common distribution density function of 

)(),...,(),...,(),(),( 21 txtxtxtxtx nii  
functions.  
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xi(t) integration can be done by using coherence for the 
intergration with δ function:  
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By integrating after xi, we obtain: 
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It should be pointed out that up till now coherences are 

valid not only for the normal distribution and not only for the 
stationary process.  

If we assume that the process is stationary and has no 
correlation with X, then previous coherence can be written as 
follows:  
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where )( ixf   ‐   distribution density function. 
The author managed to integrate (13) into the normal, 

stationary process in 2 cases only if: 
1. the process has only 2 dimensions; 
2. the dimensions of the process are mutually 

independent (non-correlated).  
 

V. THE PATTERN OF THE RANDOM PROCESS LEVEL-CROSSING 

CORRELATED BY TWO DIMENSIONS 

Stationary differentiable normal distribution random 
processes x1(t) and x2(t) are given with the mathematical 
expectation, average square deviation and derivation’s average 
square deviation respectively 1, 1,  and 2, 2, , as 

well as with mutual correlation coefficient r and distribution 
density function:  
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Likewise, lower (c1L, c2L) and upper (c1H, c2H) levels of 
each process are given. Crossing outside those levels will be 
considered level-crossing (see Fig. 3).  

 
Fig. 3. Level-crossing pattern of two-dimensional random process from a 
fixed rectangular corridor.  

By inserting (14) into (13) after integrating we obtain the 
level-crossing number intensity for the correlated two-
dimensional normal stationary process from rectangular 
corridor c1L…c1H, c2L…c2H:  
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VI. LEVEL-CROSSING OF THE NON-CORRELATED 

MULTIDIMENSIONAL NORMAL STATIONARY PROCESS 

For the non-correlated multidimensional normal stationary 
process, a distribution density function is a multiplication of 
distribution density functions of separate dimension: 
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By using (16) in (13) after integration we obtain the level-
crossing number intensity for the non-correlated 
multidimensional normal stationary process from limited area 
C: 
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VII. THE PATTERN OF APPROXIMATE CALCULATION OF THE 

LEVEL-CROSSING INTENSITY IN THE CORRELATED 

MULTIDIMENSIONAL NORMAL STATIONERY PROCESS 

The number of the level-crossings of the correlated 
multidimensional normal stationary process can be calculated 
approximately on condition that for each variable (i) of the 
process we regard only its maximal correlation with some 
other variable (j) - rij and other coefficients of the correlation 
for the duration of the calculation are assumed as zero. 

In this case functions )( ,...,,,,...,, 1121 niiHin xxcxxxf    and 
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By inserting (18) into (13), after integration we obtain: 
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Probability that there will not be any level-crossing during 
interval 0…T in accordance with (7) and (8) is as follows: 

TeP    (20) 

VIII. THE MODELLING OF THE EVALUATION CRITERION 

According to (20), probability P decreases while T 
increases. It is true since with λ one of the critical limits will 
be reached sooner or later and an absolutely safe movement 
with the random process features does not exist.  

However, (20) cannot be used in this way as the evaluation 
criterion for judging operator’s performance because:  
 the evaluation criterion must be comparable in order to 

follow up the operator’s qualification dynamics and 
carry out its comparative analysis with other operators; 

 since λ is conditioned not only by operator’s 
performance but also by external stimulation during a 
particular run, the evaluation must be carried out in 
equivalent conditions and circumstances; 

 the criterion should be maximally sensitive to the 
qualification of the operator and greater emphasis 
should be placed on those movement phases during 
which operators make most mistakes or where the 
consequences of these mistakes are the gravest.  

The equivalent conditions and external stimulations can be 
ensured most easily by using vehicle simulators. It is also the 
easiest way to organize the registration of the run with the 
necessary precision, though it is not impossible on the real 
vehicles. 

Aviation [14] is the most suitable vehicle sphere with true-
to-life simulators, as well as nowadays airplanes are equipped 
with flight registration tools and easily accessible information 
on atmosphere conditions. 

Let us examine how it is possible to use (20) in the 
evaluation of the airplane piloting taking into account the 
above-mentioned requirements. 
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For the evaluation of the flight phase importance we will 
calculate importance coefficient kph of the phase: 

sum

ph
ph n

n
k    (21) 

where nph – an average number of flight accidents during a 
respective phase, but nsum – the sum of accidents that in the 
corresponding airplane class are related to piloting.  

For each phase we will assign equal realization time in 
accordance with its importance coefficient so that the total 
interval will be 1 hour = 3600 seconds. As a result, we can 
calculate the safety of piloting during one respective flight 
hour:  





)(

3600
ph

phph k

h eP


  (22) 

where λph – the level-crossing intensity of the phase 
calculated in accordance with (19). 

The influence of the particular flight conditions can be 
excluded if (22) is rationed according to the standard flight in 
analogous circumstances:  

hst

h
cr P

P
P   (23) 

where Phst – theoretical flight piloting safety calculated in 
accordance with (22) for the flight crews with the standard 
piloting technique on which other activities in particular 
circumstances should be based.  

Phst can be obtained by statistically processing the flights of 
best flight crews.  

Pcr signification can be defined as follows: it is a probability 
that none of the flight parameters will cross the acceptable 
limit during the respective flight hour; if we assume that a 
standard flight crew journey in similar circumstances is 
absolutely safe. 

In some cases Pcr can assume value > 1. If this occurs too 
often the statistics of standard crews should be re-evaluated 
and Phst increased.  

IX. CONCLUSIONS 

It is preferable to calculate the values of the evaluation 
criterion during the flight and it is recommended acquiring the 
evaluation immediately after the end of the phase or at least 
after the flight. It can be accomplished by using recurrent 
calculation equations for the calculation of evaluations of the 
necessary statistic moments. 

For the identification of the beginning and end stages of the 
phase, particular algorithms often should be employed with 
the possibility to return back to the beginning of the 
identification since it is probable that manoeuvre considered to 

be a start of the next phase in fact does not start the next phase 
but instead continues the movement of the previous phase.  

If there is a necessity to evaluate each individual flight, 
most of the time individual realizations of the stationary 
phases are too short to acquire statistically valid distribution 
parameters from one realization. On the other hand, each 
individual flight should be evaluated, especially in 
qualification tests. In order to increase the precision of the 
statistic parameter identification, the methods of the small 
sample processing that is based on maximum usage of prior 
information should be employed [1]. It remains to be 
separately researched as to which information in particular 
circumstances can be considered a priori known given that it 
can decrease an efficiency of the evaluation by equalizing all 
operators via one particular parameter or by hiding the 
dynamics of the skill development [15] if the value of the 
parameter is acquired by processing many successive flights of 
one operator.  

Even though the criterion of the movement safety 
evaluation can be regarded as unbiased, it is nevertheless 
difficult to explain and comprehend for the vehicles operators. 
However the explanation should be given in order to clarify 
which particular mistakes were made and what specific actions 
should be carried out in order to prevent them. Therefore, the 
combination of the criterion with the announcements on a 
dangerous approach to the limits etc. is necessary.  

Coherences (15), (17) and (19) can be used also in other 
spheres of engineering sciences in cases when it is necessary 
to calculate level-crossing intensity of the normal distribution 
stationary differentiable correlated multidimensional process 
in a linear limited area.  
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